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GENERATORS OF THE COHOMOLOGY RING, AFTER NEWSTEAD
SURATNO BASU, ANANYO DAN, AND INDER KAUR
Abstract. In [25], Newstead gave the generators of the cohomology ring of the moduli space
of rank 2 semi-stable, torsion-free sheaves with fixed odd degree determinant over a smooth,
projective curve. In this article, we generalize this result to the case when the underlying curve
is irreducible, nodal. We show that these generators (of the cohomology ring in the nodal curve
case) arise naturally as degeneration of Newstead’s generators in the smooth curve case.
1. Introduction
Throughout the article, the underlying field will be C. Let C be a smooth, projective curve
of genus g ≥ 2, d an odd integer and L an invertible sheaf of degree d over C. Denote by
MC(2, d) the moduli space of stable locally-free sheaves of rank 2 and degree d over C and
MC(2,L) the sub-moduli space ofMC(2, d) parameterizing locally-free sheaves with determinant
L. The rational cohomology rings H∗(MC(2,L),Q) and H
∗(MC(2, d),Q) of the moduli spaces
MC(2,L) and MC(2, d) respectively, have been well-understood. In particular, we know the
generators [25], relations between the generators of the cohomology ring [12,19,21,22,28,34], the
Poincare´ polynomial [10,24,33] and the Hodge polynomial [8,9,11,13,15]. In the case of arbitrary
rank n, Atiyah and Bott [1] gave generators for the cohomology ring H∗(MC(n,L),Q). Using
the generators described by Newstead, Biswas and Raghavendra [5] gave the generators for the
cohomology ring of the moduli space of parabolic bundles. More recently Hausel and Thaddeus
gave the generators for the cohomology ring of the moduli space of Higgs bundles [7,16–18]. It is
clear from [7,16,17] that knowing the generators of the cohomology ring of the moduli space of
bundles has interesting consequences, in particular for computing the Hodge-Poncare´ polynomial
for the cohomology ring of the moduli spaces of Higgs bundles and character varieties, thereby
for studying mirror symmetry.
However in all the literature cited above the underlying curve is smooth. We know the moduli
space of rank 2, semi-stable, torsion-free sheaves on an irreducible nodal curve exists (see [31]),
so it is natural to ask for the generators in this case. In this article we prove:
Theorem 1.1. Let X0 be an irreducible, nodal curve with exactly one node, L0 be an invertible
sheaf on X0 of odd degree and UX0(2,L0) be the Simpson’s moduli space of rank 2, semi-stable
sheaves with determinant L0 as defined in [31]. Then, there exist η
(2j)
1 ∈ H
2j(UX0(2,L0),Q) for
1 ≤ j ≤ 3 and η
(3)
i ∈ H
3(UX0(2,L0),Q) for 1 ≤ i ≤ 2g − 1 forming a minimal set of generators
of the cohomology ring H∗(UX0(2,L0),Q).
See Theorem 3.2 for the precise statement and proof. One of the main difficulties in proving
the above theorems arises from the fact that UX0(2,L0) is singular. In contrast, the moduli
space MC(2,L) is non-singular, hence most of the techniques in the literature fail. We remark
that the moduli space considered by Martinez [15] is singular (as deg(L) is even in his case)
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but arises as a GIT quotient of a non-singular variety, which is also false in our setup. Instead,
we embed the nodal curve X0 in a regular family π : X → ∆ (here ∆ denotes the unit disc),
smooth over ∆∗ := ∆\{0} and central fiber isomorphic to X0 (the existence of such a family
follows from the completeness of the moduli space of stable curves, see [2, Theorem B.2]). Note
that, the invertible sheaf L0 on X0 lifts to a relative invertible sheaf LX over X . There is a well-
known relative Simpson’s moduli space of rank 2 semi-stable sheaves with determinant LX over
X (see [20, Theorem 4.3.7]). The idea is to use the theory of variation of mixed Hodge structures
by Steenbrink [29] and Schmid [27] to relate the mixed Hodge structure on the central fiber of the
relative moduli space to the limit mixed Hodge structure on the generic fiber. Unfortunately, the
singularity of the central fiber of Simpson’s moduli space is not a normal crossings divisor, hence
not a suitable candidate for using tools from [27,29]. However, there is a different construction
of a relative moduli space of rank 2 semi-stable sheaves with determinant L over X , due to
Gieseker [14]. The advantage of the latter family of moduli spaces is that, in this case the
central fiber, denoted GX0(2,L0) is a simple normal crossings divisor, hence compatible with the
setup in [27,29]. Moreover, the generic fiber of the two relative moduli spaces coincide. Denote
by G(2,L)∞ the generic fiber of the relative moduli space. By Steenbrink [29], H
i(G(2,L)∞,Q)
is equipped with a (limit) mixed Hodge structure such that the specialization morphism
spi : H
i(GX0(2,L0),Q)→ H
i(G(2,L)∞,Q)
is a morphism of mixed Hodge structures for all i ≥ 0. The generators of the cohomology ring
H∗(MC(2,L),Q) as obtained by Newstead in [25] immediately gives us the generators of the
cohomology ringH∗(G(2,L)∞,Q). However, not all elements inH
i(G(2,L)∞,Q) are monodromy
invariant. As a result the specialization morphism spi is neither injective, nor surjective (see
(2.2)). To compute explicitly the kernel and cokernel of spi we study the Gysin morphism from
the intersection of the two components of GX0(2,L0) to the irreducible components. Using this
we prove:
Theorem 1.2 (see Theorem 2.3). There exists ξ
(i)
j ∈ H
i(GX0(2,L0),Q) for 2 ≤ i ≤ 6 and certain
values of j forming a minimal set of generators for the cohomology ring H∗(GX0(2,L0),Q).
Finally, there exists a proper morphism from GX0(2,L0) to UX0(2,L0). Using this morphism
along with Theorem 1.2, we give the generators of UX0(2,L0).
Outline: In §2, we obtain the generators of the cohomology ring associated to GX0(2,L0).
In §3, we obtain the generators of the cohomology ring associated to UX0(2,L0).
Notation: Given any morphism f : Y → S and a point s ∈ S, we denote by Ys := f
−1(s).
The open unit disc is denoted by ∆ and ∆∗ := ∆\{0} denotes the punctured disc.
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2. Generators for the cohomology ring of the Gieseker moduli space
In this section, we give the generators of the Gieseker’s moduli space of rank 2, semi-stable
sheaves with fixed determinant over an irreducible nodal curve, thereby generalizing the classical
result of Newstead [25, Theorem 1] to the nodal curve case.
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Notation 2.1. Let X0 be an irreducible nodal curve of genus g ≥ 2, with exactly one node, say
at x0. Denote by π0 : X˜0 → X0 the normalization map. Since the moduli space of stable curve
is complete, there exists a regular, flat family of projective curves
π1 : X → ∆
smooth over ∆∗ and central fiber isomorphic to X0 (see [2, Theorem B.2]). Fix an invertible
sheaf L on X of relative odd degree, say d. Set L0 := L|X0 , the restriction of L to the central
fiber. Denote by L˜0 := π
∗
0(L0).
2.1. Relative Gieseker moduli space. There exists a regular, flat, projective family
π2 : G(2,L)→ ∆
called the relative Gieseker moduli spaces of rank 2 semi-stable sheaves on X with determinant
L such that for all s ∈ ∆∗, G(2,L)s := π
−1
2 (s) = MXs(2,Ls) and the central fiber π
−1
2 (0),
denoted GX0(2,L0), is a reduced simple normal crossings divisor of G(2,L) (see [3, Notation A.5,
Theorem A.7 and Remark A.8]). In particular, G(2,L) is smooth over ∆∗.
Denote by M
X˜0
(2, L˜0) the fine moduli space of semi-stable sheaves of rank 2 and determinant
L˜0 over X˜0 (see [20, Theorem 4.3.7 and 4.6.6]). By [3, Theorem A.7], GX0(2,L0) can be written
as the union of two irreducible components, say G0 and G1, where G1 (resp. G0∩G1) is isomorphic
to a P3 (resp. P1 × P1)-bundle over M
X˜0
(2, L˜0). Denote by
ρ1 : G0 ∩ G1 −→MX˜0(2, L˜0) and ρ2 : G1 −→MX˜0(2, L˜0)
the natural projections.
2.2. Limit mixed Hodge structures. Denote by e : h → ∆∗ the universal cover of the
punctured disc. Let G(2,L)∞ → h be the base change of the morphism π2 under the composed
morphism h
e
−→ ∆∗ →֒ ∆. By [30, Theorem 11.22], the cohomology group Hk(G(2,L)∞,Q) can
be equipped with a mixed Hodge structure for all k ≥ 0, called the limit mixed Hodge structure.
Recall, for any t ∈ ∆∗, there exist natural specialization morphisms:
spi : H
i(GX0(2,L0),Q)→ H
i(G(2,L)t,Q)
associated to the family π2, obtained by composing the natural inclusion of the special fiber
G(2,L)t into G(2,L) with the retraction map to the central fiber GX0(2,L0). Unfortunately,
the resulting specialization map is not a morphism of mixed Hodge structures. However, if
one identifies H i(G(2,L)t,Q) with H
i(G(2,L)∞,Q), then the resulting (modified) specialization
morphism is a morphism of mixed Hodge structures with the limit mixed Hodge structure on
H i(G(2,L)∞,Q) (see [26, Theorem 11.29]). We denote this modified specialization morphism
again as:
spi : H
i(GX0(2,L0),Q)→ H
i(G(2,L)∞,Q).
Denote by i1 : G0 ∩ G1 →֒ G0 and i2 : G0 ∩ G1 →֒ G1 the natural inclusions. Using the Mayer-
Vietoris sequence, we have the exact sequence:
H i−1(G0 ∩ G1,Q)→ H
i(GX0(2,L0),Q)→ H
i(G0,Q)⊕H
i(G1,Q)
i∗
1
−i∗
2−−−→ H i(G0 ∩ G1,Q). (2.1)
By [26, Proposition B.30], one can check that the composed morphism
H i−2(G0 ∩ G1,Q)
(i1,∗ ,i2,∗ )−−−−−−→ H i(G0,Q)⊕H
i(G1,Q)
(i∗
1
−i∗
2
)
−−−−→ H i(G0 ∩ G1,Q)
is a zero map. As G0∩G1,G0 and G1 are smooth, H
i−2(G0∩G1,Q)(−1),H
i(G0,Q) and H
i(G1,Q)
are pure Hodge structures of weight i. Therefore, the second morphism in (2.1) induces an
injective morphism
GrWi H
i(GX0(2,L0),Q) →֒ H
i(G0,Q)⊕H
i(G1,Q).
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As a result, the Gysin morphism (i1,∗ , i2,∗) : H
i−2(G0 ∩ G1,Q)(−1) → H
i(G0,Q) ⊕ H
i(G1,Q)
factors through GrWi H
i(GX0(2,L0),Q). Denote by
fi : H
i−2(G0 ∩ G1,Q)(−1)→ Gr
W
i H
i(GX0(2,L0),Q) →֒ H
i(GX0(2,L0),Q),
the composed morphism. By [6, Corollary 2.4], we then have the following exact sequence of
mixed Hodge structures:
H i−2(G0∩G1,Q)(−1)
fi
−→ H i(GX0(2,L0),Q)
spi−−→ H i(G(2,L)∞,Q)
gi
−→ GrWi+1H
i(G(2,L)∞,Q)→ 0,
(2.2)
2.3. Generators of the cohomology ring of GX0(2,L0). We now prove the main result of
this section.
Notation 2.2. Using [25, Theorem 1], there exists α0 ∈ H
2(M
X˜0
(2, L˜0)), β0 ∈ H
4(M
X˜0
(2, L˜0))
and ψ′1, ψ
′
2, ..., ψ
′
2g−2 ∈ H
3(M
X˜0
(2, L˜0),Q), generating H
∗(M
X˜0
(2, L˜0),Q).
Theorem 2.3. There exist ξ
(i)
j ∈ H
i(GX0(2,L0),Q) for the following values of (i, j) forming a
minimal set of generators of the cohomology ring H∗(GX0(2,L0),Q):
i j
2 {1,2}
3 {1, 2, ..., 2g-1}
4 {1, 2, 3}
5 {1, 2, ..., 2g-2}
6 {1, 2}
Proof. For any s ∈ ∆∗, choose a symplectic basis e1, ..., e2g of H
1(Xs,Z) such that ei ∪ ei+g =
−[Xs]
∨ and ei∪ej = 0 for |j− i| 6= g, where [Xs]
∨ denotes the (Poincare´) dual fundamental class
of Xs. By [23, Proposition 1], there exists a unimodular isomorphism of pure Hodge structures:
φs : H
1(Xs,Z)
∼
−→ H3(MXs(2,Ls),Z).
Denote by ψi := φs(ei) for 1 ≤ i ≤ 2g. By [25, Theorem 1], there exists αs ∈ H
2(MXs(2,Ls),Z)
and βs ∈ H
4(MXs(2,Ls),Z) such that the cohomology ring H
∗(MXs(2,Ls),Q) is generated by
αs, βs and ψi for 1 ≤ i ≤ 2g. Using Ehresmann’s theorem, we have isomorphisms:
τ is : H
i(MXs(2,Ls),Z)→ H
i(G(2,L)∞,Z)
commuting with the cup-product (cup-product commutes with pull-back by continuous maps)
i.e., τ is(φ1) ∪ τ
j
s (φ2) = τ
i+j
s (φ1 ∪ φ2) for φ1 ∈ H
i(MXs(2,Ls),Z) and φ2 ∈ H
j(MXs(2,Ls),Z).
Denote by α∞ := τ
2
s (αs), β∞ := τ
4
s (βs) and ψ
∞
i := τ
3
s (ψi) for 1 ≤ i ≤ 2g. Since the isomorphism
τ is commutes with cup-product, the cohomology ring H
∗(G(2,L)∞,Q) is generated by α∞, β∞
and ψ∞i for 1 ≤ i ≤ 2g.
Using [6, Proposition 2.3 and Theorem 4.2], it is clear that GrW4 H
3(G(2,L)∞,Q) ∼= Q.
By [26, Lemma-Definition 11.8], this implies GrW2 H
3(G(2,L)∞,Q) ∼= Q. After changing ba-
sis if necessary, we can assume that ψ∞2g (resp. ψ
∞
g ) generates Gr
W
4 H
3(G(2,L)∞,Q) (resp.
GrW2 H
3(G(2,L)∞,Q)) and the image of ψ
∞
i in Gr
W
4 H
3(G(2,L)∞,Q) for any 1 ≤ i ≤ 2g − 1, is
0. Let ξ0 be a generator of H
2(P1,Q), pri are the natural projections from P
1 × P1 to P1 and
ξi := pr
∗
i (ξ0). Recall, by the Leray-Hirsch theorem (see [32, Theorem 7.33]), we have:
H i(G0∩G1) ∼= H
i(M
X˜0
(2, L˜0))⊕H
i−2(M
X˜0
(2, L˜0))⊗(Qξ1⊕Qξ2)⊕H
i−4(M
X˜0
(2, L˜0))ξ1ξ2. (2.3)
By (2.2), the morphisms sp3 and f2 are injective (use G0 ∩ G1 is smooth, rationally con-
nected). Denote by ξ
(3)
i := sp
−1
3 (ψ
∞
i ) ∈ H
3(GX0(2,L0),Q) for 1 ≤ i ≤ 2g − 1. Let ξ
(2)
1 , ξ
(2)
2 ∈
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H2(GX0(2,L0),Q) such that ξ
(2)
1 = f2(1) for 1 ∈ H
0(G1 ∩ G2,Q) and sp2(ξ
(2)
2 ) = α∞. Let ξ
(4)
j
for 1 ≤ j ≤ 3 such that sp4(ξ
(4)
1 ) = β∞ and under the identification (2.3), f4(ξ1 ⊕ ξ2) = ξ
(4)
2
and f4(α0) = ξ
(4)
3 . Let ξ
(5)
i = f5(ψ
′
i) for 1 ≤ i ≤ 2g − 2 and ξ
(6)
1 := f6(β0). Let ξ
(6)
2 ∈
H6(GX0(2,L0),Q) such that sp6(ξ
(6)
2 ) = ψ
∞
g ψ
∞
2g .
Let V ⊂ H∗(GX0(2,L0),Q) be the sub-ring of the cohomology ring, generated by ξ
(i)
j for
1 ≤ i ≤ 6. Note that, V is equipped with a natural grading coming from the cohomology ring.
To prove that V = H∗(GX0(2,L0),Q), we need to prove that for each k, spk(Vk) = Im(spk)
and Im(fk) ⊂ Vk. By [25, Theorem 1], the identification (2.3) implies that H
∗(G0 ∩ G1,Q) is
generated by α0, β0, ξ1, ξ2 and ψ
′
i for 1 ≤ i ≤ 2g − 2. Using (2.2) and [6, Theorem 4.2], we have
the following exact sequence of mixed Hodge structures:
0→ Hk−4(M
X˜0
(2, L˜0),Q)(ξ1 ⊕−ξ2)
hk−→ Hk−2(G0 ∩ G1,Q)
fk−→ Hk(GX0(2,L0),Q)
spk−−→ (2.4)
spk−−→ Hk(G(2,L)∞,Q)
gk−→ GrWk+1H
k(G(2,L)∞,Q)→ 0,
where hk is the natural inclusion using (2.3), fk, spk and gk as in (2.2). This implies that
Im(fk) ⊂ Vk. We now show that spk(Vk) = Im(spk).
Using [21, Remark 5.2] one can check that Hk(G(2,L)∞,Q) is Q-generated by monomials of
the form αi∞β
j
∞ψ
∞
i1
...ψ∞it , where i+ t < g, j+ t < g, i1 < i2 < ... < it and 2i+4j +3t = k. Since
cup-product is a morphism of mixed Hodge structures, we conclude that WkH
k(G(2,L)∞,Q)
is generated by all such monomials for which either t < 2g or {g, 2g} ∈ {i1, i2, ..., it}. Hence,
spk(Vk) = Im(spk). The minimality of the set {ξ
(j)
i }1≤j≤6 of generators is straightforward. This
proves the theorem. 
3. Generators for the cohomology ring of Simpson’s moduli space
In this section, we compute the generators of the cohomology ring of the Simpson’s moduli
space of rank 2 semi-stable sheaves with fixed determinant over an irreducible nodal curve X0.
Notations as in Notation 2.1.
Notation 3.1. Let E be a rank 2, torsion-free sheaf on X0 of degree d. We say that E has
determinant L0 if there is a OX0 -morphism ∧
2(E) → L0 which is an isomorphism outside the
node x0. Note that if E is locally free then this condition implies ∧
2E ∼= L0. By [31, Theorem
1], there exists a moduli space, denoted UX0(2,L0), parameterizing rank 2, semi-stable sheaves
E on X0 such that E has determinant L0 (see also [4]). By [31, Theorem 3.7(3)], there exists a
natural proper morphism
θ : GX0(2,L0)→ UX0(2,L0) (3.1)
defined by pushing forward a rank 2, locally-free sheaf defined over a curve semi-stably equivalent
to X0, via the natural contraction map to X0. Denote by U0(L0) the scheme-theoretic image of
G1 under the morphism θ and let
θ′ : G1 → U0(L0)
be the induced morphism. By [6, §7.3], U0(L0) ∼=MX˜0(2, L˜0(−D)), where D := π
−1
0 (x0). Hence,
U0(L0) is non-singular.
Theorem 3.2. There exists η
(2)
1 ∈ H
2(UX0(2,L0),Q), η
(4)
1 ∈ H
4(UX0(2,L0),Q),
η
(3)
i ∈ H
3(UX0(2,L0),Q) for 1 ≤ i ≤ 2g − 1 and η
(6)
1 ∈ H
6(UX0(2,L0),Q)
forming a minimal set of generators of the cohomology ring H∗(UX0(2,L0),Q).
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Proof. Recall, UX0(2,L0)\U0(L0)
∼= GX0(2,L0)\G1
∼= G0\G0 ∩ G1. Since G0 and G1 are excessive
couple ( [26, Example B.5(2)]), we have for all i ≥ 0,
H i(GX0(2,L0),G1)
∼= H i(G0,G1 ∩ G0) ∼= H
i
c(G0\G0 ∩ G1)
∼= H i(UX0(2,L0), U0(L0)),
where the last two isomorphisms follow from [26, Corollary B.14]. Let r : G1 → GX0(2,L0) be
the natural inclusion. The morphism θ induces the following commutative diagram where every
morphism is a morphism of mixed Hodge structures (use [26, Proposition 5.46]):
Hi(UX0(2,L0), U0(L0)) ✲ H
i(UX0(2,L0),Q) ✲ H
i(U0(L0),Q) ✲ H
i+1(UX0(2,L0), U0(L0))
	 	 	
Hi(GX0 (2,L0),G1)
∼=
❄
✲ Hi(GX0(2,L0),Q)
θ∗
❄
r∗
✲ Hi(G1,Q)
(θ′)∗
❄
✲ Hi+1(GX0(2,L0),G1)
∼=
❄
(3.2)
Recall, G1 is a P
3-bundle over U0(L0) ∼=MX˜0(2, L˜0). Let ξ
′′ be a generator of H2(P3,Z). Using
the Leray-Hirsch theorem, we have the decomposition:
H i(G1,Q) ∼=
⊕
j≥0
H i−2j(M
X˜0
(2, L˜0),Q)(ξ
′′)j . (3.3)
Then, the Snake lemma implies that
coker(θ∗) ∼= coker((θ′)∗) ∼=
3⊕
j=1
H i−2j(M
X˜0
(2, L˜0),Q)(ξ
′′)j .
Moreover, under notations as in (2.2), the image of the composition
H i−2(G0 ∩ G1,Q)(−1)
fi
−→ GrWi H
i(GX0(2,L0),Q)
r∗
−→ H i(G1,Q)
is isomorphic to
3⊕
j=1
H i−2j(M
X˜0
(2, L˜0),Q)(ξ
′′)j under the identifications (2.3) and (3.3) (the
composition r∗ ◦ fi is the Gysin morphism). Therefore, the natural morphism
ker(sp
i
: Hi(GX0(2,L0),Q)→ H
i(G(2,L)∞,Q))→ coker(θ
∗ : Hi(UX0(2,L0),Q)→ H
i(GX0 (2,L0),Q))
is an isomorphism. Using (2.2), we then conclude that
H i(UX0(2,L0),Q)
θ∗
−→
∼
Im(θ∗) ∼= Im(spi)
∼=WiH
i(G(2,L)∞,Q).
We observed in the proof of Theorem 2.3 that ⊕iWiH
i(G(2,L)∞,Q) is generated by α∞, β∞, ψ
∞
i
for 1 ≤ i ≤ 2g− 1 and ψ∞g ψ
∞
2g (notations as in Theorem 2.3). The theorem follows immediately.

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